The lattice of noncrossing set partitions is known to admit an R-labeling. Under this labeling, maximal chains give rise to permutations.
Introduction and notation
The objects studied in this paper are chains in the lattice of noncrossing partitions. We will consider partitions of n := { 0, 1, . . . , n}, and we will write TT=B~/B~/.../B,,,, where the blocks Bi of 7~ are listed in increasing order of their minimum element. If two elements x, y lie in the same block of the partition 71, we will write x N x y, or just x N y if no confusion can arise. A partition is called noncrossing if for every O<a < b <c < d < n, if a N c and b h d, then a N b -c -d. The noncrossing partitions of n ordered by refinement form a lattice which we will denote as NC(n), or just NC(n+ 1). The lattice of all partitions of n will be denoted by n(n), or just n(n+ 1). More generally, if S c N, then NC(S) will denote the set of noncrossing partitions of S. Since thelatticesNC(S)andNC({1,2,...,ISI)) are isomorphic, we will also write NC( instead of NC(S) when we refer to this lattice up to isomorphism. We make the same conventions regarding lattices of unrestricted set partitions. The lattices n(n) and NC(n) admit an R-labeling Cl], i.e. (see e.g. [9] ) an integer labeling A of the covering relations, such that between every pair of elements x<y there is a unique saturated chain X=x0 < . X1 < . ... < . x, = y, such that ;l(Xi_ 1, xi) <A(Xi,Xi+r)for all i=l,2 ,..., m-l.
For both n(n) and NC(n) an R-labeling 1 can be constructed as follows: let rc Q rc'; then rc' and rc differ only in that one block of rc' is the union of two blocks, Bi and Bj, of rc. In NC(n), the merging of Bi, Bj is, of course, subject to the noncrossing condition (see fig. 1 ). Then let mi=min(x:XEBi} and mj=min{x:XeBj}, and set A( rc, 7~') = max (mi, mj}. It is easy to verify that A is indeed an R-labeling and, further, that the labels along each maximal chain form a permutation of [n] := { 1,2, . . . , n}. This labeling was first constructed by Gessel for n(n), and it was observed in [l] that it also works for NC(n).
In fact, we have the following remark.
Remark 1.1. Let n < rc' and let M,, M,, be the set of minimum elements in the blocks of rt and rc', respectively. Then the labels along every saturated z-rc' chain form a permutation of the set M,-M,,.
If r~ is a permutation in the symmetric group S, and if S E [ml, then rrIs is the subsequence of a(l), o(2), . . . , a(m) consisting of the elements in S. On occasion, we will write 0i for o(i). As usual, d and 'i will denote the minimum and maximum elements of the partial order under discussion. We will find it helpful to use a labeled tree to represent a &-i chain in NC(n) as in [6] . This representation is as follows.
Correspondence 1.2. Let T be a tree with n+ 1 vertices labeled 0, 1, . . , n, and let l(u) denote the label of vertex u. Root Tat the vertex labeled 0, direct the edges of T away from the root, and order the children of each vertex from left to right in descending order of their labels. Now traverse T in depth-first manner and assign a new label, 1'( U)E [ n], to each vertex in the order in which the vertices are encountered. From the triple ( T, I, 1') one obtains a unique saturated &-'i chain in NC(n), by starting with the partition 6=0/1/2/.../n and then merging, at rank i= 1,2, . . . , n, the blocks which contain l'(u) and I'(p), where p is the parent of the vertex u, and 1(u)= i. Figure 2 shows an example of a chain and its corresponding tree. In this paper we examine properties of the multiplicity, m(o), with which a given permutation GE& appears as the label sequence along maximal chains (transversed from d to 1) in NC(n). More generally, if s is a sequence of distinct integers from [n] , then the number of saturated ~--7c' chains in NC(n) labeled by s will be denoted 'by m,,,(s).
Thus, m(a)= rnb, i(o). Analogously, we define M(a) to be the number of maximal chains in n(n) which are labeled by GES,.
In Section 2 of this paper we derive a recurrence for m(o), and give an alternate combinatorial interpretation of m( a). By way of contrast, we give the answers to some analogous questions for the lattice n(n). The values of the Mobius functions of NC(n) and n(n) (already known, see e.g. [l] ) are obtained here as corollaries. In Section 3 we discuss two order-theoretic properties related to the matters of Section 2. In NC( [n]), we define I(a) to be the order ideal consisting of the noncrossing partitions, each of whose blocks constitutes a decreasing subsequence of vertices in increasing order of the second component of the labels. Every such tree corresponds biuniquely with a maximal chain counted by m(o), as in Correspondence 1.2.
On the other hand, consider the partition n(t) of [ n] obtained from the tree tE T(a) by setting i w j if and only if the vertices labeled (C 1 (i), i) and (6 1 (j), j) are siblings. Then, because of the defining properties of T(a), rc(t) is a noncrossing partition and each one of its blocks consists of a decreasing subsequence of ol, 02, . . . , CT,,.
Conversely, for every noncrossing partition 7c=B,/B2/.../Bk of [n], we can construct a unique tree teT(cr) as follows. Let B1 = {x1 <x2 ... <x,}. Let the children of the root (0,O) be, from left to right, the r vertices labeled (o-'(xi), Xi), i = 1,2, . . , r. Since rc is noncrossing, each Bi, i 2 2, lies entirely in an interval of the form (Xj, Xj+ i), jgr (put x0 =O, x,+ i = n + 1). Use the same construction with each vertex (6'(x,), Xj) playing the role of the root, and with the blocks of 7~ which are contained in the interval (xj, xj+ 1 ). If each block of 7~ is a decreasing subsequence of cri , (TV, . . . , cr, then the tree t is in T(a) and rc=~(t). , b}, ( a, i}, { i, b}, or {a, i , b}, where a < i < b.
It is an elementary exercise to count the noncrossing partitions of these types. A general formula for noncrossing partitions of given type appears in [8] . 0 By way of contrast, we include analogous results for M(o), the number of maximal chains labeled by cr, cr~S,, in the lattice ZZ(n). Part (a) of the following seems to be well known but we have been unable to locate a reference. Proof. Recall that a covering relation in Zi'(n) is labeled by the larger of the minima of the two blocks being merged. Thus, for the jth covering relation of a chain to be labeled by a(j), one of the two blocks which get merged must have minimum element o(j), while the other has minimum either equal to zero, or else to a value o(k) such that k>j and g(j)> a(k). The inequality k >j is necessary because the new block formed after the merging will have minimum element o(k). Thus, there are 1 + tj( 0) possibilities for the jth covering relation in the chain labeled by cr, proving (a).
Part (b) is a relaxation of Construction 1.2. Given a chain in n(n) labeled by (TES,, construct a tree rooted at (O,O), and with the other n vertices labeled by {(i, a(i)): i= 1,2, . . . , n}, by making the vertex labeled (k, a(k)) a child of the vertex labeled 
Order-theoretic properties
Let DES, and P, be the set of noncrossing partitions of [n], each of whose blocks is a decreasing subsequence of g. Thus, 1 P,, I= m( a), as in Section 2.
It is clear that P,, is an ideal in the lattice NC( [n]), i.e. if rc < rr' and x'EP,, then ZEP,,. In general, P, is not principal (i.e. it does not have a maximum element), nor do all maximal chains in P,, have the same length. For example, see the ideal for rr = 3412 in Of course, the maximum length of a chain in P,, is at most n-Z(a), where Z(a) is the maximum length of an increasing subsequence in 0. This bound need not be achieved, as illustrated by a=3142. We have the following theorem. .nlb for all j#i, and ti(a')=ti(a)+l.
Hence, M(a)<M(a') if 04 6' in the weak order. 0
MGbius inversion
We now turn to Mobius inversion questions. First, an inversion formula involving the function m : S,+Z. which proves the first equality. The second equality is based on Corollary 2.5. 0
The preceding result has the following surprising reformulation. Proof. If a set S c P -{s, ^i } is deleted from a poset P, then a formula of Baclawski (cf. Such a partition will arise from (bk(y-l)
unimodal permutations having the mode at j+ 1. The binomial coefficient accounts for the choice of j blocks whose maximum elements will precede the mode. These blocks cannot include the block which contains the maximum element of [n] -M,. Thus,
The inner sum is zero unless bk(p)= 1. Such a p exists if and only if 7~ has exactly one nontrivial block, in which case it is unique, and the value of the inner sum is -1. IJ A similar argument yields the following proposition. The analogue of Proposition 4.4 for the lattice n(n) and rc= 1 was obtained by
Crapo C51: O(Nn)):=Ln,,, ~(0, n)rk( z) = (n -2)!, in the context of determining a matroid invariant /? computable from the (geometric) lattice of flats. For n(n), the function f of Theorem 4.3 has the same description. We hope to present its derivation and further results on rank inversion in a separate paper. Finally, observe that the Mobius inverses of the rk and bk functions are equal up to sign. As a corollary of the above, we obtain, using Corollary 2.5 and substituting into the sum of Theorem 4.3, the following identity involving the Catalan numbers, which may have a probabilistic interpretation. Proof. Taking n = 1 in Proposition 4.4 we obtain that COENC(&j, a) rk( a) = ( -1)" -1.
The terms of the sum can be grouped according to type E-l-II of c. If I = 1"' 2"' ... , then the interval [b, a] is isomorphic to the product of mi copies of NC(i), with i ranging 1,2, . . . . Therefore, using Corollary 2.5 we obtain (the known fact that) ~(6,~)=~i,,[(-l)i-1Ci-,]mt. Also (see [8] ) the number of partitions in NC(n) whose type is ,J is equal to n~l~~,_,,/m,!m,! ..., where n(j) denotes the descending factorial. A simple calculation now yields the desired result. 0
